I. Introduction
One may distinguish two types of flexible, linear polymer chains, as pictured in Figure   1 : those that relax to equilibrium after being twisted (like polyethylene), and those that do not (like DNA). These non-relaxing chains obey a conservation law. For each chain configuration one may define a "linking number", and this linking number cannot change with time. The linking number of any closed, double-stranded chain is defined as the number of times one strand must be passed through the other in order to separate the strands. The consequences of conserved linking for DNA and for macroscopic cords are well appreciated. [1] [2] [3] [4] [5] [6] [7] A large imposed linking number leads such a chain to twist upon itself. This is the phenomenon of supercoiling. Supercoiling is a way of effecting global change in the properties of a chain by changing local mechanical structure in a small region. As such, it represents a powerful mechanism for controlling the chain---a mechanism that may be important for biological processes. Such far-reaching consequences are to be expected for any chain with conserved linking.
This paper aims to explore the essential consequences of conserved linking by considering a primitive realization. Our realization is a lattice model that embodies conserved linking with a single strand and without the worm-like rigidity of DNA. The model resembles a hydrocarbon chain with a certain local restriction on the rotation of its backbone bonds. This chain proves to have properties quite different from those of DNA.
It has strong excluded-volume swelling and thus shows simultaneous effects of swelling and supercoiling. As expected for polymers that conserve linking number, the chain contracts upon twisting. However, this contraction does not scale in the expected way with chain length. Another anomalous feature appears in the partitioning of imposed linking number into "twist" and "writhe". The linking number of any chain may be decomposed into twist, a locally defined quantity, and writhe, a quantity that depends only on the backbone configuration. Our model shows a strong anti-correlation of twist with writhe, which is not generally anticipated in DNA. [8] [9] [10] [11] [12] The presence of this correlation in our model raises the possibility of such correlations in DNA.
The statistics of twist and writhe in self-avoiding walks have been much explored in the literature. [13] [14] [15] [16] [17] [18] The influence of linking number on DNA has been studied extensively via continuum models . [19] [20] [21] [22] [23] Recently a powerful correspondence has been worked out between these continuum models and rigid-body dynamics. 24 Our work is rather in the alternative spirit of the work of Orlandini, Whittington and their collaborators. 13 show how a twist-writhe correlation naturally arises in our model from a mechanicallyinduced coupling of twist with local torsion.
II. Description of Model and Simulation
We model the polymer chain as a self-avoiding walk on a lattice, in which we allow nearest neighbor, next nearest neighbor, and further local steps as described below. We include the additional restriction that no two adjacent segments may be collinear. This restriction is realistic for hydrocarbon polymers, and guarantees that any segment and its successor define a unique plane, which in turn has a non-degenerate normal vector. of the chain that the simulation must calculate as the chain evolves is non-local intersection of nodes. This is accelerated by use of a memory image of the lattice so that only one check is required for a given candidate move.
An additional benefit of the lookup table method is that tables with different restrictions can be employed. These tables, along with a toggle on the global intersection test, allow simple changes between a variety of simulation rules. In addition to the table describing our link-conserving polymer, we employed tables with no twist constraints, using both random walk statistics and self-avoiding walk statistics. We measured autocorrelation functions for the radius of gyration to determine the relaxation time for link-conserving and non-conserving chains. A link-conserving chain with 64 bonds requires roughly 2x10 6 attempted moves to attain a statistically independent configuration.
Without the link-conserving constraint, the number of attempts decreases by about 25%.
A typical self-avoiding walk ring chain which conserves link is shown in Figure 4 , with its partner strand.
Our Monte Carlo procedure obeys detailed balance just as the original Carmesin
Kremer procedure does. Our procedure is the same as this one except for the exclusion of certain moves: namely, moves through a cis configuration. Since the exclusion is the same in either direction, it does not disturb the detailed balance. Despite this detailed balance our simulation does not explore all self-avoiding configurations with a given linking number. For example it does not explore knotted configurations of the backbone.
We did extensive tests of both random walks and self-avoiding walks to ensure that the simulation behaved correctly. We simulated both open and ring chains. Figure 5 shows the radius of gyration and the root-mean-squared end-to-end length as a function of chain length for an open random walk chain. Figure 6 shows the corresponding quantities for a self-avoiding walk. Similar results were found for ring chains. Figures 7 and 8 show the structure factor versus wave-vector q for a variety of chain lengths, for random walk and self-avoiding walk chains respectively. The inverse length q is normalized so that the data collapse onto one curve. In all cases, the scaling was as expected, and consistent with results of other simulations. 27 Again, the correct scaling was also found for ring chains.
III. Link, Twist, and Writhe Statistics
As with DNA, we can describe our chain and associated partner strand using the linking number Lk, and its decomposition into twist Tw and writhe Wr using White's theorem 31 .
To define these quantities, we adopt a continuum representation with the chain described by a position vector ) (s R for each position s along the chain. The partner strand has an analogous position ) ( ' t R . Linking number denotes the number of times the two strands wrap around each other, and is given by the Gaussian integral Tw is given by
where û is the unit vector perpendicular to t which points from the chain to the partner strand. Twist is the integrated rotation of the projection of the vector from the backbone to the partner strand along the plane perpendicular to the backbone at each point, divided by 2π. Writhe is given by
where now the integrals are over the same curve. Writhe can be described as the sum of signed self-intersections of the projection of the chain averaged over all possible views. 32 In our simulations we calculated the linking number as the sum of the signed intersections of the projection of the two strands onto a plane, as described above. We chose a projection direction incommensurate with the lattice, so that all intersections occur at non-zero angles. The twist was calculated using (3). We calculated the writhe for many configurations as a consistency check using (4). Thus we verified that our calculated linking number, twist and writhe were consistent with White's Theorem. All calculations used the polymer chain as one strand, and the partner strand as the second strand. This contrasts with the convention used for DNA, in which the backbone is defined as an imaginary line running down the center of the helix, and either sugarphosphate chain is used as the partner strand. Deviations in twist were calculated for these chains as well. The mean-squared twist for all the chains is shown is in Figure 11 as a function of N. We find that 
We find that 0 2 Wr = .0231 N as shown in Figure 11 . We note that our scaling for the RMS twist, writhe, and linking number is consistent with that of the ribbon model of Orlandini and Whittington. [13] [14] [15] [16] [17] [18] Finally, we calculated the twist-writhe correlation using
The observed twist-writhe correlation ( Figure 11 ) is a substantial fraction of Wr ; in DNA, such correlations are normally neglected. [8] [9] [10] [11] [12] We 
IV. Dependence of Gyration Radius on Chain Length and Imposed Linking Number
The radius of gyration as a function of linking number for a chain of length N = 128 is shown in Figure 12 . Linking numbers greater than 10 were reached by manually winding the chain to the desired Lk. For all chains studied from N = 32 to 256, the gyration radius decreases parabolically with linking number, R g = R g0 (1 -a(Lk) 2 ). The radius of gyration at Lk = 0 scales robustly as N . 6 ,as in Figure 6 . The coefficient a as a function of N is plotted in Figure 13 . The scaling here is between N -1.25 and N -1.5 . Even linking numbers significantly greater than those encountered in equilibrium did not alter the size of the chain significantly.
It is typically claimed 1 that increasing the linking number by about one unit per persistence length significantly alters the equilibrium chain configurations and thus should alter R g by an appreciable factor. This criterion corresponds to a ~ N -2 . This scaling is not inconsistent with the data.
Seeing no gross distortions, we decided to investigate the effect of the imposed linking number on the aspect ratio of the chain. The moment of inertia matrix was calculated and diagonalized. The principal moments were then sorted and averaged. Typical ratios were approximately 2.57:2.07:1. Changing the linking number over the range ^N 5 resulted in no significant change in this ratio.
The coupling of twist and writhe accounts for these observations to some extent.
Because of the coupling, most of the imposed link goes into twist. Since writhe describes contortion of the chain, a necessary condition for significant distortion beyond that present in thermal fluctuations is that However, as longer chains are examined, this highly writhed regime can be explored.
V. Discussion
The most striking result of our simple model is the strong correlation between twist and writhe. Writhe and twist are typically assumed to be independent degrees of freedom, correlated only when a linking number constraint is imposed. This statistical independence is often exploited for the sake of efficiency in computation by simulating only the backbone of the chain, giving information about the non-local quantity writhe.
Twist is then introduced analytically using White's theorem and the assumption of independence with writhe. Clearly this approach would not be applicable to our lattice chains.
Our twist-writhe correlation can be understood naturally by considering 3-bond segments of our chain. This is the minimum length segment for which both twist and writhe are defined. Considering a planar, "staircase" segment, it is apparent that both twist and writhe equal zero. Introducing twist by rotating an end segment necessarily makes the configuration non-planar, inducing writhe. Twists of the end segment create helices of the opposite sense, and so introduce writhe of the opposite sign ( Figure 14) .
The correlation is an inevitable consequence of the identification of the binormal of our backbone curve with the twist vector from the backbone to the partner strand. We suggest that energetic constraints in DNA could result in a similar correlation between the binormal and twist vector and result in a twist-writhe correlation.
VI. Conclusion
This work demonstrates two novel aspects of constrained linking number in a ring polymer. First, we showed that this constraint is meaningful in the context of singlebackbone chains such as polyethylene. We showed that any chain in which cis configurations are forbidden must have a conserved linking number. In real hydrocarbons such as polyethylene, cis configurations are highly unfavorable energetically, resulting in strong suppression of the rate of crossing the cis barrier. 33 For hydrocarbons with more bulky side-chains, the suppression can only be stronger. For example, the barrier to rotation in polystyrene has been calculated to be roughly 10 kT, We see no general reason that would rule out such correlations in important linkconserving polymers like DNA, even though current models of DNA lack these correlations. We are investigating the minimal additions to the current models that would allow such correlations to be described. We are also investigating the available measurements of DNA chains to determine how much twist-writhe correlation might be present in practice.
Our simulations of twisted ring chains show surprising conformational properties.
These are the first simulations showing full excluded-volume swelling and conserved linking simultaneously, to our knowledge. Our rings appear to shrink in response to twisting more than existing theories have anticipated. This may be due to an interaction between writhe and excluded volume yet to be understood. 
